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Introdu
tionThis pamphlet was written to do
ument several te
hniques I regularly use when 
on-stru
ting symboli
 fun
tional forms in order to 
larify the methods. The need to expressgraphi
ally des
ribed fun
tions in symboli
 form arises when 
omputations or transfor-mations must be performed on a fun
tion whose value is easily expressed through given
hara
teristi
s and behaviors rather than in the form of an equation. Classi
al methodsfor performing this symboli
 transformation exist su
h as Taylor series approximations,polynomial �ts, or Fourier series. The problem with su
h methods is that these methodstend to be involved 
omputations and are often only approximations to a given fun
tion.These interpolative methods also be
ome problemati
 when exa
t values are required forunsampled values of the domain, whi
h is ne
essary for 
omputing Fourier transforms, forexample.The methods presented here will allow 
ertain graphi
ally de�ned fun
tions, su
h assquare waves or merit fun
tions, to be qui
kly 
omposed and expressed in 
losed form. Thebasis for all this is understanding the properties of basi
 fun
tions that 
an be 
omposedto form a 
omplex fun
tion with the desired behavior. Examples and Mathemati
a 
odeis provided to illustrate the 
on
epts.If you are one who skims texts, then I advise you to fo
us more on the examples and
ode of Chapter 3, sin
e that will allow you to get started immediately by example ratherthan read material you probably already know.
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Chapter 1Dusting o� the toolsLet us refamiliarize ourselves with some fun
tions that you should either already know orhave heard of. The earlier portions of this 
hapter may be skipped if the reader is alreadyfamiliar with 
lassi
al fun
tions. These fun
tions are the basi
 tools that we use to 
omposemore 
ompli
ated fun
tions.Classi
al fun
tionsLinear, polynomial, and rational fun
tionsYour most basi
 fun
tion is the linear fun
tion y = mx+ b, where m is the slope of the lineand b is the y-inter
ept. This is not always the most useful form when performing linearinterpolation, so when given a point (x0; y0) through whi
h a line passes and the slope m,then one 
an use y = y0 +m(x� x0) (1.1)Or if given two points (x0; y0) and (x1; y1) on a line,y = y0 + y1 � y0x1 � x0 (x� x0) (1.2)The linear fun
tion is the basis by whi
h other fun
tions are 
ompared when 
onsideringorder, sin
e it has a 
onstant rate of in
rease.Polynomial and rational fun
tions are usually used to introdu
e fun
tional zeros orsingularities at parti
ular lo
ations. In parti
ular, if a set of zeros zi and singularities piare required, a fun
tion of the form y = P(x� zi)P(x� pi) (1.3)will satisfy the requirements. Often the fun
tion is required to be positive or negativebetween 
ertain zeros or singularities, and evaluation at a test value or plotting the fun
tionwill determine the sign. Ea
h �rst order zero or singularity will introdu
e a sign 
hange inthe fun
tion, so se
ond order zeros and singularities 
an be used to maintain the sign ofthe fun
tion.Periodi
 fun
tionsThe most basi
 periodi
 fun
tions are the trigonometri
 fun
tions, in parti
ular sin and
os. To have zero 
rossings at multiples of �x, one would use an argument s
aling ofy = sin �x�x . The other trignometri
 fun
tions have similar properties, ex
ept tan and 
othave half the period of sin. Not mu
h 
an be said here that 
annot be found in any highs
hool math text, so we will leave it at that.1
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Figure 1.1: Graph of y = (x�2)(x�8)x�5 and y = (x�2)2(x�8)x�5 . Note the se
ond order zeropreserves sign on either side of the zero.Order spanning and order determining fun
tionsThe exponential fun
tion is one that grows by a 
onstant multipli
ative fa
tor for ea
h unitin
rement on the domain. Thus it is used to span orders of magnitude; a linear argumentis transformed to a set of orders of magnitude. The lograithm, being the inverse fun
tion,is order determining, meaning it will return the number of orders of magnitude of a givenvalue. In parti
ular, the base 10 logarithm 
an be used to �nd the number of nonfra
tionaldigits in a number or in general the lo
ation of the de
imal point.When testing the behavior of 
ompli
ated fun
tions, providing an exponential as aninput is a qui
k way to determine behavior at very large and very small input values. Noteof 
ourse, that it nonnegative, so it does not span all possible input values. Similarly thelogarithm 
an be used to understand the growth of fun
tions when provided a rapidlyin
reasing fun
tion as an argument. It is also useful for order 
omparison, sin
e exponenti-ation is transformed to multipli
ation. The laws of exponents and logarithms are essentialwhen working with these fun
tions; 
onsult any 
al
ulus textbook for these.Hyperboli
 and inverse trigonometri
 fun
tionsThe hyperboli
 fun
tions have a reputation for being ar
ane and is often not well un-derstood. They are simply 
ompositions of exponential fun
tions, and this is graphi
allyobvious as the asymptotes are either growing or de
aying exponentials. A parti
ularlyuseful fun
tion is the hypberboli
 tangent, plotted below. It 
an be used when a rampingfun
tion is required. In general, if a ramp is required between two values y = y0 and y = y1with 
orners at x = x0 and x = x1, we would usey = y0 + y1 � y02 �tanh � 2x1 � x0 �x� x0 + x12 ��+ 1� (1.4)The asymptoti
 fun
tion is (using Heavisides),y = y0 + y1 � y0x1 � x0 (x� x0)H(x� x0)� y1 � y0x1 � x0 (x� x1)H(x� x1) (1.5)2
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Figure 1.2: Graph of y = tanh x and its asymptotes in dashed lines.The general form given other parameters is left as an exer
ise for the reader. The hyper-boli
 tangent equation is preferred over the asymptoti
 expression be
ause it is smoothand everywhere di�erentiable, thus making it suitable for use in merit fun
tions for opti-mization.A fun
tion with behavior similar to the hyperboli
 tangent is the inverse tangent fun
-tion, shown below with its asymptotes. In general, the ar
tangent approa
hes its asymp-
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Figure 1.3: Graph of y = tan�1 x and its asymptotes in dashed lines.totes more slowly is therefore better suited to appli
ations that require a more spread outramping behavior. Given the same ramp parameters as above, the generi
 form isy = y0 + y1 � y0� �tan�1 � �x1 � x0 �x� x0 + x12 ��+ �2� (1.6)with the same asymptote form as above.Another inverse trigonometri
 fun
tion that is useful is the inverse sine (the inverse
osine 
an be easily transformed into the inverse sine), shown below. It is approximatelylinear with verti
al asymptotes at ea
h end of the domain. Instead of interpreting thenonlinearity at the ends as asymptotes, it 
an be thought of as superlinear behavior, inwhi
h the fun
tion in
reases with order greater than linear, while the asymptoti
 behavioris usually useless. The superlinear behavior 
an be used to model deviation from linearity.The deviation (both absolute and per
entage) between the asymptote and the a
tual valueat the ends of the domain is left as an exer
ise for the reader. Given this, imagine how onemight use the sine fun
tion to model sublinear behavior.3



-1 -0.5 0.5 1

-1.5

-1

-0.5

0.5

1

1.5

Figure 1.4: Graph of y = sin�1 x and its asymptotes in dashed lines.
Spe
ial fun
tions and the beginnings of 
ompositionThe GaussianThe Gaussian is the de fa
to peak fun
tion, with fun
tional form invariant under Fouriertransformation. For a unity height peak with FWHM �x lo
ated at x = x0, the generalform is y = exp "� (x� x0)22 (�x=2)2# (1.7)Being in�nitely smooth, it is preferable over 
omposed pie
ewise linear peak fun
tionsif 
omputational 
omplexity of the expression is not a 
on
ern. The derivatives of theGaussian have su

essively more peaks, with odd numbers of derivatives produ
ing oddfun
tions, and even numbers of derivatives produ
ing even fun
tions. Note also that thepeaks of the next derivative o

ur at the in�e
tion points of the 
urrent derivative andgrow in height.
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Figure 1.5: Graph of a Gaussian and its �rst three derivatives.4



Peaked fun
tionsThere are many other fun
tions with peaks. Perhaps the simplest is the rational fun
tiony = 1jxjn + 1 (1.8)whi
h has the property that the de
ay rate is polynomial in nature (as x�n). The absolutevalue is ne
essary for noninteger n. Also, the hump is only smooth when n is an integer. Fora slow de
ay, n 
an be an arbitrarily small positive number (or variable for that matter).Exponentially de
aying one sided peaks su
h as xe�x, x2e�x, et
. are useful sin
e thegrowth rate 
an be easily spe
i�ed independently of the de
ay rate. The exponent 
an also
ontain powers of x for faster de
ay.This is merely a sampling of simple peaked fun
tions. More 
ompli
ated ones exist butseldom is su
h 
omplexity ne
essary.Exponentiated inverses and maximally �at mat
hingOn
e during a physi
s le
ture a question was posed: "what is the simplest in
reasingfun
tion that has every derivative zero at the origin?" 1 One 
an guess the solution byrequiring dndxn y(0) = 0 and dydn > 0 and �ndingy = e� 1xThe fun
tion is maximally �at at the origin and 
an be used when a smooth transitionbetween 
urves of di�erent slopes are required. The limiting value at x = 1 is unity, sothere must be an in�e
tion point in the 
urve. Joining pie
ewise paraboli
 se
tions togetherwould a
hieve the same goal, but with the problem that not every derivative is smooth, asis true in this 
ase. Di�erent powers of x may also be used to 
hange the rate of in
reasenear the origin, but only powers greater than 1 demonstrate the zero-derivatives property.When given the order n of x and the desired lo
ation of the in�e
tion point (xi; yi), thegeneral form is y = yi exp ��n+ 1n �1� xix �n� (1.9)Note that the requirement for a �xed yi 
hange the fun
tion's limiting value to y(1) =yi exp �n+1n �Legendre, Hermite, Bessel, Airy, and all the ones you didn't learnAdditional spe
ial fun
tions that have interesting properties are the Legendre, Herite,Chebyshev, et
. basis polynomials used in eigenfun
tion expansions. There are also Bessel,1This was during a thermodynami
s 
ourse while solving for the dependen
e of temperature on entropy.5
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Figure 1.6: Graph of a exponentiated inverses e�x�1 , e�x�2 , and e�x�3 . These are listed inthe rising order in the graph.Airy, Gamma, et
. fun
tions de�ned by di�erential equations that have very useful prop-erties. These are generally either unne
essary be
ause a given fun
tional behavior 
an bedes
ribed with more elementary fun
tions or overly sophisti
ated when simple expressionssu�
e to satisfy a given set of 
hara
teristi
s. There exist handbooks of spe
ial fun
tionsthat detail their properties, to whi
h the reader is dire
ted for further inquiry.Utility (nonanalyti
) fun
tionsSurprising, the nonstandard, nonsmooth fun
tions des
ribed here are the most useful when
omposing fun
tions.Let us begin with the Dira
 delta fun
tion, whi
h 
an be expressed as the limit of anormalized Gaussion as the FWHM goes to zero, while maintaining the area under the
urve normalized, 
reating an in�nite spike. Formally,Z 1�1 f(x)Æ(x� x0)dx = x0 Z 1�1 Æ(x)dx = 1 (1.10)Of 
ourse, there is no need to integrate to in�ninty, sin
e the fun
tion is mostly zero.Taking integrals immediately around x0 in the �rst 
ase would have su�
ed.Noti
e now that we 
an de�ne the Heaviside step fun
tion as the integral of the deltafun
tion: H(x) � Z x�1 Æ(t)dt (1.11)This is only approximately true be
ause the behavior at x = 0 is un
lear. A betterde�nition is H(x) = 8<: 1 x > 012 x = 00 x < 0 (1.12)Integrating this again we get the ramp fun
tionR(x) = Z x�1H(t)dt = 12 (x+ jxj) = � x x > 00 x � 0 (1.13)6



The sign fun
tion, whi
h returns the sign of a value, is related to the Heaviside bySign(x) = 2H(x)� 1 = 8<: 1 x > 00 x = 0�1 x < 0 (1.14)The traditional absolute value fun
tion 
an now be expressed in terms of the sign fun
tion:jxj = x Sign(x) = � x x > 0�x x � 0 (1.15)
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Figure 1.7: In order, the Heaviside, ramp, and absolute value fun
tions.It is not the de�nition of these fun
tions that is useful, but its graphi
al properties.When multiplied against a fun
tion, the Heavside fun
tion pi
ks out a range of values andzeros the rest. Additionally, the 
orners and the ability to s
ale fun
tions on a 
ertain partof a domain are in
redibly useful, as we shall see.Several others worth of mention are the �oor and 
eiling fun
tion whi
h round a valueto the next lowest or highest integer. Note that Floor(x) = Ceiling(x)� 1 and traditionalrounding is then yround(x) = Floor(x+ 12). The plots are shown below. These will be usefulwhen generating periodi
 waveforms.
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Figure 1.8: The �oor and 
eiling fun
tions.
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Chapter 2Composing a masterpie
eThis is a short 
hapter about operators and what 
an be done with them.Operators and order twiddlingCal
ulator fun
tionsThe most basi
 operators are addition and the like, whi
h everyone should know. Theirfun
tions when dealing with the order of growth of fun
tions is not always 
lear to everyone.It is important to keep in mind the laws of exponents; multiplying adds orders of magnitude(exponents add), and exponentiation multiplies orders of magnitude (exponents multiply).Keep this in mind when spanning domains with a range of orders of magnitude is ne
essary.Linear operations - S
aling, Shifting, SuperimposingS
aling fun
tions verti
ally is equivalent to multiplying by a 
onstant fa
tor: Ay(x) is afun
tion A times taller than y(x). To introdu
e a horizontal shift, we know that y(x� x0)is the fun
tion y(x) shifted x0 units to the right. And superimposing fun
tions simplymeans adding them together. Hopefully nothing new has been introdu
ed here.Dis
rete fun
tionsSometimes we are interested in expressing fun
tions on a dis
rete domain (su
h as theset of integers) in 
losed form. One simply has to remember that the fun
tional behaviorbetween the dis
rete points is 
ompletely irrelevant. For example, sin(2�x) is a 
onstantfun
tion (equal to 1) when evaluated over the integers. In this 
ase, exa
t interpolationsare su�
ient to express the underlying fun
tion.TransformationsAn intimate understanding of the properties of the Fourier or Lapla
e transforms 
an goa long way in deriving more 
ompli
ated fun
tions from simpler ones very qui
kly. The
onvolution (usually with delta fun
tions) is an in
redibly useful tool, and will be apparentlater. On
e again, many di�erential equations and signal pro
essing texts 
over this topi
in in
redible detail, so no further dis
ussion is provided here.
8



Chapter 3Seeing how it's doneIf you read any 
hapter, read this one. The examples here are far more instru
tive thananything des
ribed previously.Top hatIt is often ne
essary to 
reate a fun
tion to pi
k out values of another fun
tion on a 
ertainset of the domain. What one needs is a box
ar fun
tion; one that is unity over the regionof interest and zero elsewhere.
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Figure 3.1: The top hat (box
ar), wit
h's hat, and paraboli
 hat. All fun
tions havebeen s
aled to be nonzero on (�1; 1), parti
ularly the paraboli
 hat whi
h is derived from
onvolution.Dire
t 
ompositionThe top hat has two steps, one going up at x = �1 and one going down at x = 1. We seethat two superimposed Heavisides with steps at the appropriate lo
ations will do the tri
k:hattop(x) = H(x+ 1)�H(x� 1) (3.1)In fa
t, the plot above was generated using this Mathemati
a 
ode:Plot[UnitStep[x + 1℄ - UnitStep[x - 1℄, {x, -1.1, 1.1}℄This is the simplest way of 
reating the fun
tion in a sensible manner. One 
ould also usehattop(x) = 12 [Sign (�(x+ 1)(x� 1)) + 1℄ (3.2)where the polynomial within the sign fun
tion has zero 
rossings at x = �1 with signadjusted a

ordingly. The 
orresponding Mathemati
a de�nition isTopHat[x_℄ := (Sign[(-(x + 1)(x - 1)℄ + 1) / 2;9



Trun
ationOne 
ould also think of the top hat as a trun
ated version of the 
onstant fun
tion y = 1.We know that multipli
ation by the Heaviside will essential trun
ate the fun
tion to asemi-in�nite domain, so with one shifted and one shifted and reversed Heaviside, we 
anobtain the same result: hattop(x) = H(x+ 1)H(1� x) (3.3)TopHat[x_℄ := UnitStep[x + 1℄ UnitStep[1 - x℄;Higher order hatsHigher order hats that have smoother 
hara
teristi
s are also sometimes ne
essary, and the�rst two are shown in Figure 3.1. Let us see how we may 
ompose these fun
tions.Dire
t 
ompositionOn
e again in dire
tly forming the graph, we noti
e three 
orners in the graph, one goingup, one peak, and one leveling o�. This indi
ates that three ramp fun
tions are ne
essary.Ea
h one must have slope to a

ount for the 
hange in slope ne
essary in going from ea
hpie
e to the next. The �rst segment on [�1; 0℄ requires slope 1, then the slope 
hanges to�1, and then ba
k to 0. This is 
reated withhatwit
h(x) = (x+ 1)H(x+ 1)� 2xH(x) + (x� 1)H(x� 1) (3.4)The 
ode used to generate the previous plot isPlot[(x + 1)UnitStep[x + 1℄- 2x UnitStep[x℄+ (x - 1)UnitStep[x - 1℄, {x, -1.1, 1.1}℄Trun
ationWe noti
e the graph resembles a trun
ated upside-down absolute value fun
tion, so we usejust that expression: hatwit
h(x) = H(x+ 1)H(1� x)(1� jxj) (3.5)a[x_℄ := UnitStep[1 + x℄UnitStep[1 - x℄(1 - Abs[x℄)10



Self 
onvolutionThis is by far the most dire
t method for 
omputing the wit
h's hat fun
tion, sin
e wenoti
e from the graph that it is simply the 
onvolution of the top hat with itself (withadditional s
aling fa
tors in width and amplitude), whi
h means the Fourier transformgets squared. Of 
ourse, performing this 
omputation by hand is tedious, but most often,the reasons for 
omposing su
h fun
tions is so that a 
omputer program 
an performsymboli
 manipulations on the expression. Embarassingly enough, Mathemati
a 
annotperform the inverse transformation required for the wit
h's hat:TopHat[x_℄ := UnitStep[x + 1℄ - UnitStep[x - 1℄;Wit
hHat[x_℄ := InverseFourierTransform[FourierTransform[TopHat[X℄, X, k℄^2, k, X℄ /. X -> x;(************ Fails to find the inverse transform ************)Changing the de�nition of the top hat fun
tion to transform, however, allows us to evaluatethe 
onvolution:TopHat[x_℄ := UnitStep[x + 1℄UnitStep[1 - x℄;Wit
hHat[x_℄ := InverseFourierTransform[FourierTransform[TopHat[X℄, X, k℄^2, k, X℄ /. {X -> 2x};Wit
hHat[x℄Plot[%, {x, -1.1, 1.1}℄This fun
tion is a verti
ally s
aled version of the one in Figure 3.1 sin
e the value at x = 0is p2=� but the horizontal s
aling was 
orre
ted with the substutition of 2x. The 
ode togenerate the parboli
 hat, the 
onvolution of the wit
h's hat with itself, 
an be performedwithWit
hHat[x_℄ := (x + 1)UnitStep[x + 1℄- 2x UnitStep[x℄+ (x - 1) UnitStep[x - 1℄;ParabolaHat[u_℄ := InverseFourierTransform[FourierTransform[Wit
hHat[x℄, x, k℄^2, k, x℄ /. {x -> 2u};ParabolaHat[x℄Plot[%, {x, -1.1, 1.1}℄This 
ode produ
es the graph in Figure 3.1.This pro
edure of using 
onvolution typi
ally works when one of the fun
tions is verysimple, su
h as delta fun
tions, sinusoids, and the like. Being a hit-or-miss method, onemust simply attempt the 
omputation in Mathemati
a.11



Square wave and other periodi
 waveformsSquare waveThe need to generate a square wave is quite 
ommon. A very rudimentary and obviousform is ysquare(x) = Sign(sin�x) (3.6)and the plot is shown below. This 
an be interpreted in two ways. The �rst is that we �nd
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Figure 3.2: An example square wave.the Sign of the value of sin, whi
h is perhaps the more intuitive way of thinking about theexpression. The se
ond is that the sin fun
tion wraps the domain of the Sign fun
tion ontoitself, so that we periodi
ally evaluate the Sign fun
tion on the domain [�1; 1℄. It is thisse
ond method that is often forgotten but exteremely useful, whi
h we will demonstratefor the sawtooth wave later.To 
ompute a square wave with a period T and a duty 
y
le of p where p is the fra
tionof time the wave is high between 0 and 1, we have the general formulaSign �
os�2�xT �+ sin��p� 12�� (3.7)Sawtooth waveUsing the idea of domain wrapping and the sine fun
tion as a foundation again, we 
andevelop a sawtooth wave. The sine fun
tion rises sublinearly over half its period and thende
reases sublinearly over half its period. We need to use the output of the sine fun
tionas a domain wrapped input to a fun
tion that takes a sublinear input and makes it linear.The exa
t fun
tion to perform the undoing is the inverse sine fun
tion. So we have a verysimple expression ysawtooth(x) = 2� sin�1 sin(�x) (3.8)whi
h is graphed below. 12
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Figure 3.3: A simple sawtooth wave.Triangle waveThere are several approa
hes that we may 
onsider. First, the triangle wave is a seriesof trun
ated ramp fun
tions, so we may 
onvolute the trun
ated ramp fun
tion with aproperly spa
ed delta fun
tion 
omb. However this method is di�
ult to to express inMathemati
a, and is perhaps an easier way to 
ompute by hand. A se
ond way is to
onsider the �oor fun
tion, whi
h is pie
ewise 
onstant with a general linear in
rease. Theerror between the �oor fun
tion and the linear fun
tion is a triangle wave:ytriangle(x) = x� Floor(x) (3.9)
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Figure 3.4: A triangle wave.Arbitrary periodi
 waveformNow we are ready to present a general method for generating periodi
 waveforms. Supposea waveform des
ribed by u(x) on [0; 1) is one period of the desired waveform. Using theidea of domain wrapping, we simply need to periodi
ally evaluate u(x) with a linear input,and the triangle wave does just that. So then given a unit of the waveform u(x), we 
anexpress the periodi
 waveform U(x) asU(x) = u (x� Floor(x)) (3.10)13



An example for u(x) = x2 � 32 �x� 13�H �x� 13�is given below.
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Figure 3.5: The unit to be repeated u(x) is shown on the left, and the periodi
 waveformis on the right.
Criteria based 
ompositionSometimes it is not known exa
tly how a fun
tion is de�ned, but we know the approximateproperties the fun
tion should have. The problem then be
omes to �nd a simple expres-sion satisfying the fun
tion design 
riteria. Although traditional methods su
h as Taylorseries expansions or polynomial �tting 
an produ
e the desired results, intuition 
an oftenprodu
e even simpler results that 
apture the essen
e of the problem. Other times, it isimpossible to satisfy 
onstraints without simply observing the resulting fun
tion. Here areseveral examples to illustrate these points.Visually appealing band-limited square gratingThis problem has 
ome up in an image �lter design study where a band-pass �lter for
ertain square wave patterns (gratings) must be found. The distribution of frequen
iesmust be �visually appealing.� The grating must essentially be a frequen
y varying squarewave, but the variations must appear evenly distributed, so the problem is essentially oneof des
ribing the frequen
y variation.Let us pose several 
riteria �rst. The low frequen
y is fL = 1 and the fast period isfH = 10, and the 
onstants are de�ned byGrating[x_℄ := Sign[Sin[\[Pi℄ x℄℄;fL = 1;fH = 10;d = 10; 14



Consider �rst a linear ramping of the frequen
y from a low value to a high value. Theresult is shown in the �rst graph of Figure 3.4.1. The 
ode to produ
e isF[x_℄ = x (fL + (fH - fL) x/d);Plot[Grating[F[x℄℄, {x, 0, d}, PlotPoints -> 10000℄The result is very dense at high frequen
ies and long periods are under represented.Taking instead the period to be linearly varying gives the result in the middle graph ofFigure 3.4.1 and 
odeTL = 1;TH = 0.1;F[x_℄ = x/(TH + (TL - TH)x/d);Plot[Grating[F[x℄℄, {x, 0, d}, PlotPoints -> 10000℄The opposite problem o

urs, and the result is mu
h worse.Now we 
an try 
hoosing a polynomial variation in frequen
y and tweaking the expo-nent. After testing several values, the �nal result is shown in the last graph in Figure 3.4.1and the 
ode to produ
e it isF[x_℄ = x(L + (H - L)(x/d)^0.3);Plot[Grating[F[x℄℄, {x, 0, d}, PlotPoints -> 10000℄
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Merit fun
tionsIn the pro
esses of optimizing systems, there are often 
ertain goals and 
onstraints that
annot be easily satis�ed when a dire
t �gure of merit is supplied for optimization. Forexample, suppose a system has multiple parameters that 
an be varied, and muiltiple�gures of merit that must be maximized or tuned to a spe
i�
 value. Naive optimizationof all �gures of merit simultaneously usually leads to 
ases where only a few or none ofthe �gures of merit are a

eptable. Therefore some amount of hand tuning of the fun
tionto optimize must be made. This mostly involves the design of a fun
tion that is maximalwhen �gures of merit are maximal, but does not allow any one of them to be signi�
antlyworse than the others. 15



An example for the simultaneous maximization of several �gures (fi(�x)) at on
e 
an bedone by maximizing the produ
t of various powers of ea
h �gure:M(�x) =Yi [fi(�x)℄ni (3.11)If the values in this expression 
an be large, then the produ
t may 
ause an over�ow, sowe may simply maximize the log:M(�x) =Yi [ni log fi(�x)℄ (3.12)Another problem arises when the fi may be zero but there are usually ways to design thefi to be stri
tly positive fun
tions while still 
apturing the essen
e of the �gure. This allworks de
ently well assuming the ni 
an be set independent of the �gures, whi
h is usuallynot the 
ase. In many 
ases, a peaked fun
tion must be used to 
oer
e the merit �gurestoward a 
ertain value, and iterative optimization with updated initial guesses 
an usuallybe su

essful.
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Chapter 4Exer
ises1. Create a periodi
ally paraboli
 (in
reasing from zero slope at ea
h period) wave. Dothis with and without domain wrapping.2. Suppose we have a fun
tiony(x) = � �12x� 3 x < �12x+ 1 x > 1 (4.1)Supply a de�nition for y(x) on [�1; 1℄ that makes y(x) everywhere di�erentiable usingthe fewest number of quadrati
 
urves. With the supplied pie
e, how many times 
any(x) be di�erentiated at x = �1? What is the jump in the last possible derivativeabout x = �1?3. Repeat the above problem ex
ept now use a pair of exponentiated inverses to pat
hy(x). How many derivatives 
an be taken at x = �1? How many at the joining ofthe two exponentials? Explore the e�e
t of the order n on the number of derivativesthat exist.4. Prove that there exists a domain s
aling of the hyperboli
 tangent on the positivedomain that yields another linearly translated hyperboli
 tangent as a result. (Hint:
onsider the de�nition of tanh.)
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